Local structure characterization with the bond-orientational order parameters q 4 , q 6 ,. . . introduced by Steinhardt et al. has become a standard tool in condensed matter physics, with applications including glass, jamming, melting or crystallization transitions and cluster formation. Here we discuss two fundamental flaws in the definition of these parameters that significantly affect their interpretation for studies of disordered systems, and offer a remedy. First, the definition of the bond-orientational order parameters considers the geometrical arrangement of a set of neighboring spheres NN(p) around a given central particle p; we show that procedure to select the spheres constituting the neighborhood NN(p) can have greater influence on both the numerical values and qualitative trend of q l than a change of the physical parameters, such as packing fraction. Second, the discrete nature of neighborhood implies that NN(p) is not a continuous function of the particle coordinates; this discontinuity, inherited by q l , leads to a lack of robustness of the q l as structure metrics. Both issues can be avoided by a morphometric approach leading to the robust Minkowski structure metrics q 
In 1983 Steinhardt et al. 1 proposed the family of local q l and global Q l bond-orientational order (BOO) parameters as a three-dimensional generalization of the ψ 6 hexatic order parameter in two dimensions 2 . Bond orientation analysis has become the most commonly used tool for the identification of different crystalline phases and clusters, notably fcc, hcp and bcc [3] [4] [5] [6] [7] [8] [9] or icosahedral nuclei [10] [11] [12] . They are also used to study melting transitions 10, 13, 14 and interfaces in colloidal fluids and crystals 15 . For the study of glasses and super-cooled fluids q 6 and Q 6 have become the most prominent order parameter when searching for glass transitions [16] [17] [18] [19] and crystalline clusters 4, 8, 11, [20] [21] [22] . While q l is defined as a local parameter for each particle, other studies have used global averages of bond angles (Q l ) to detect singlecrystalline order across the entire sample [23] [24] [25] . The BOO parameters q l and Q l are defined as structure metrics for ensembles of N spherical particles. For a given sphere a one assigns a set of nearest neighbors (NN) spheres NN(a). The number of NN assigned to a is n(a) = |NN(a)|. Any two spheres a and b are said to be connected by a bond if they are neighbors, i.e. if a) Electronic mail: Walter.Mickel@kit.edu b) Electronic mail: Sebastian.Kapfer@physik.fau.de c) Electronic mail: Gerd.Schroeder-Turk@physik.fau.de d) Electronic mail: Klaus.Mecke@physik.fau.de a ∈ NN(b) 26 . The set of all bonds is called the bond network. The idea of bond orientation analysis is to derive scalar metrics from the information of the bond network (i.e. the set of bond vectors). The precise definition of the bond network is therefore crucial.
Other structure metrics are defined in a similar way, differing only in the geometric interpretation of the bond network, such as centro-symmetry metrics 27 or Edwards configurational tensors 28 and fcc/hcp-order metrics 29 , or the number of bonds as the most simple topological characteristic 30 . For a sphere a the set of unit vectors n ab point from a to the spheres b ∈ NN(a) in the neighborhood of a. Each vector n ab is characterized by its angles in spherical coordinates θ ab and ϕ ab on the unit sphere. Following Steinhardt et al. 1 , the local BOO q l (a) of weight l assigned to sphere a is defined as Y lm (θ ab , ϕ ab )
where Y lm are spherical harmonics (see e.g. appendix in 31 ). This formula can be interpreted as the lowestorder rotation-invariant (that is, independent of the coordinate system in which θ ab and ϕ ab are measured) of the l-th-moment in a multipole expansion of the bond vector distribution ρ bond (n) on a unit sphere. Higher-order invariants, often termed w l , are defined in a similar way 1,32 33 . The existence of spheres with values of q 4 and q 6 close to those of an ideal ordered structure (see Tab. I) has been interpreted as evidence of ordered clusters. The local structure metrics q l have been used to identify fcc, hcp, bcc or icosahedral structures in condensed matter and plasma physics (e. g. in colloidal particle systems 4 , random sphere packings 23, 34 or plasmas 35 ) by analyzing histograms over the (q 4 , q 6 )-plane or combinations of similar order parameters 6 . Frequently, histograms of one order parameter only, namely q 6 , are used to qualitatively compare disorder in particulate matter systems 5, 20, 36, 37 . Our previous work 38 has raised the caution that local configurations can exist that are clearly non-crystalline but have the same values of q 6 as hcp or fcc environments. Several authors have defined bond order functions 39 closely related to the q l for the identification of crystalline clusters 11, 15, 21, 40 . As a different application from the identification of locally crystalline domains, it has been proposed to use averages q l over all spheres to quantify the degree of order of a configuration. Averages q 6 have been analyzed (as function of some control parameter such as temperature, pressure, strain, or packing fraction) for random sphere packings 20 , granular packing experiments 41 , model fluids 42 , molecular dynamics simulations of water 43 or polymer melts 44 . This use of q l to quantify the overall degree of order implies a monotonous relationship between the value of q l and the degree of order. In contrast to the identification of individual crystalline cells as those with q l the same as for the crystalline reference cell q cryst l , one now assumes that larger values of ∆ := |q l −q cryst l | correspond to "larger" deviations from the crystalline configuration, even for clearly acrystalline local configurations with large values of ∆. The validity of this assumption is difficult to assert, in the absence of an independent definition of the degree of the "deviation from crystalline structure". (Note also the obvious problem for the case of monodisperse hard spheres, where two distinct crystal reference states, fcc and hcp, exist which however have different values of q l .) Nevertheless, q 6 has been used to quantify order in disordered packings, under the assumption that higher values of q 6 correspond to higher degree of order 45 . Unless the system represents a small perturbation of one specific crystalline state, this use of q 6 is, in our opinion, not justified. q 6 is not a suitable order metric to compare the degree of order of disordered configurations that are far away from a crystalline reference state. We use the term structure metric to emphasize that a priori q l does not quantify order in disordered systems.
We here demonstrate a further aspect, distinct to those described above, that should be taken into account when interpreting q l data for disordered systems, namely a very significant dependence of the q l values on details of the definition of the bond network: changes of the NN definition do not only affect the absolute values (which are bcc fcc hcp icosahe-simple cubic Im3m F m3m P 63/mmc dral P m3m n = 8 n = 14 n = 12 n = 12 n = 12 na of great importance, as the comparison to the crystalline reference values is in terms of these absolute values) but they can also affect functional trends. This observation highlights the problem in the interpretation of anomalies of the BOO parameters (that is, local extrema as function of some thermodynamic parameter) as being connected to thermodynamic anomalies 42, 43 ; see also the discussion of the anomalies of water 46 in terms of a parameter similar to the BOO parameters. Rather than being a mere inconvenience, the dependence on the details of the bond network definition is of direct relevance to the physical interpretation.
AMBIGUITY OF THE NEIGHBORHOOD DEFINITION AND ITS EFFECT ON q l
The choice of a set of nearest neighbors -at the heart of bond orientation analysis -is not unique (see Fig. 1 ). Steinhardt et al. proposed to use "some suitable set" of bonds for the computation of q l ; they used a definition based on a cutoff radius of 1.2σ, where σ is the particle diameter 1 . That is, each sphere that is closer to a given sphere a than a cutoff radius r c is assigned as a NN of sphere a. Neighborhood definitions based on cutoff radii are widely used, e.g. with cutoff radii 1.2σ and 1.4σ 11, 18, 24, 37, 47 or with the value of the cutoff radius determined by the the first minimum of the two-point correlation function g(r) 9, 14, 15, 25, 48 . Alternatively, the Delaunay graph of the particle centers 49 50 is used to define NN 5, 20, 23, 41, 51 . In this parameter-free method, every sphere which is connected to a sphere a by a Delaunay edge is considered a NN of a.
A rarely used definition is to assign a fixed number n f of NN to each particle n(a) = n f 42, 43 . In three dimensions, the n f = 12 other spheres closest to the central sphere are chosen as neighbors. The difference between these definitions is illustrated in Fig. 1 . Note that while the definitions via cutoff radius and via the Delaunay graph are symmetric, i. e. b ∈ NN(a) ⇔ a ∈ NN(b), the definition of neighborhood as the nearest n f spheres is not, see Fig. 1 (d) . The definitions of NN discussed so far will be called bond network neighborhoods in the following; in this picture, each nearest neighbor is equivalent to the other neighbors. By contrast, we use the term morphometric neighborhood if the neighborhood relation is additionally weighted with geometrical features.
A principal weakness of structure metrics based on bond network neighborhoods is their lack of robustness: Small changes of particle positions can delete or add entries in the set of neighbors. This discontinuity w. r. t. the particle positions is inherited by the structure metrics defined via bond network neighborhoods. Small changes in the particle coordinates can lead to large changes in the structure metrics, which is undesirable.
We demonstrate the very strong effect of the NN definition on the BOO parameter q 6 by the example of a supercooled fluid. Using non-equilibrium molecular dynamics (MD) simulations 52,53 54 , super-cooled configurations are generated that represent entirely disordered states with densities larger than the fluid-crystal coexistence density of hard spheres (HS) of φ ≈ 0.494 55 . and q D 6 differ significantly, which is important when comparing these values to that of a specific crystalline phase such as fcc. Second, and of greater concern for the use of q 6 as a structure metric, the behavior of q (φ) shows a slight negative trend without pronounced extrema, whilst q rc=1.4σ 6 (φ) increases for φ < 0.56 and decreases above. q n f =12 6 (φ) and q D 6 (φ) show a maximum at slightly different positions with a significantly different absolute value. Each of these trends is specific to the neighborhood definition. These discrepancies raise a caution flag about the use of q 6 as a local structure metric in disordered systems. This is in accordance with several reported difficulties in the application of q 6 in ordered and disordered systems 45, 56, 57 . The choice of the NN definition has a dominant effect on the values and on the functional trend of q 6 (φ) that conceals the behavior due to genuine structural changes induced by the physics of the system. Results for q 6 obtained by different studies are not only difficult to compare quantitatively, but also the qualitative behavior may be misleading. The behavior of q 6 can be rationalized by considering the average number of nearest neighbor spheres n (φ) identified by the different neighborhood definitions. Figure 3 (a) shows q 6 − q ′ 6 as function of φ. q ′ 6 is a structure metric based on morphometric neighborhood, which is discussed in detail in the following section. Figure 3 (b) shows − n . These data demonstrate a very close correlation between q 6 − q (n) systematically decreases with higher prescribed numbers n f of NN. This effect is further amplified for large n f > 12, when spheres in the second coordination shell are also identified as neighbors. The stronger decrease in q 6 when encountering the second coordination shell also explains why q D 6 generally has lower values compared to the other neighborhood definitions, since the typical number of Delaunay neighbors is higher than for the other neighborhood definitions, n D a ≈ 14.
MINKOWSKI STRUCTURE METRIC BY VORONOI-CELL WEIGHTING
This section introduces the Minkowski structure metrics q ′ l that were already alluded to above. The Minkowski structure metrics (MSM) are obtained by an adaption of the conventional BOO parameters. The MSM differ from the conventional q l , Eq. (1), by the fact that the contribution of each neighbor to the struc- ture metric is weighted by an associated relative area factor A(f )/A. In this factor, A(f ) is the surface area of the Voronoi cell facet f separating the two neighboring spheres that correspond to a given bond, and A = f ∈F (a) A(f ) is the total surface area of the Voronoi cell boundary F (a) of sphere a. This simple change leads to robust, continuous and parameter-free structure metrics q ′ l that avoid the shortcomings of the conventional q l discussed above.
We define
where θ f and ϕ f are the spherical angles of the outer normal vector n f of facet f . Note that the direction of this vector coincides with the bond vector that is used in conventional bond orientation analysis (see Fig. 1 ).
Because of the weighting of each bond by its corresponding Voronoi facet area A(f )/A, these newly constructed structure metrics q ′ l are continuous functions of the spheres' center point coordinates, and hence robust. Furthermore, this geometrical neighborhood is symmetric and parameter-free.
The definition of q ′ l results naturally from a multipole expansion in spherical harmonics of the Voronoi cell surface normal distribution function
on the unit sphere: ϕ f ) ; the star denoting complex conjugation.
By contrast, the lth-moment of the distribution ρ(n) in Cartesian coordinates is
where ⊗ denotes the tensor product. The moment tensors W 0,l 1 are special types of Minkowski tensors 53, 59 . These versatile shape metrics have been studied in the field of integral geometry 60 and successfully applied to analyze structure in jammed bead packs 61, 62 , bi-phasic assemblies 63, 64 , foams 65 and other cellular structures 59, 66 . There is a one-to-one correspondence between this class of Minkowski tensors and the multipole expansion of the surface normal vector distribution ρ(n) of a convex Voronoi polytope F (a) 67, 68 . For ideal crystals where all Voronoi facets have equal size, the values of the BOO q l and of the MSM q ′ l are the same; these symmetries are fcc, hcp, the icosahedron and sc (simple cubic). In the case of bcc, where Voronoi cells have in total 14 facets, of which 8 correspond to closest neighbors and 6 to neighbors in the second shell, q l differ from q ′ l (see also Table I ). The construction of the weighted q NN(a) ). Second, the use of the Voronoi diagram ensures that the following minimal requirements are met: (a) convex cells, (b) invariance under exchange of spheres decorating the seed points and (c) the possibility to reconstruct the seed point coordinates uniquely from the facet information 69 . The authors are unaware of an alternative to the Voronoi diagram that fulfills these requirements.
GEOMETRIC INTERPRETATION OF THE MINKOWSKI STRUCTURE METRICS, IN PARTICULAR OF q ′ 2
For the use of both BOO parameters and MSM, an important issue is the choice of the weights l that are considered. Many studies restrict themselves to only q 6 , possibly supplemented by q 4 and the associated higher-order invariants w 4 and w 6 . This is likely to be motivated by q 6 being the apparent generalization of the two-dimensional hexatic order parameter ψ 6 . The relation between the l = 6 structure metrics and ordering, however, is not as direct in 3D as it is in 2D: q 6 is maximized by icosahedral bond order, which is incompatible with translational order. The perception that large values of certain structure metrics, in particular q 6 , are intrinsically connected with crystallization is therefore deceiving, and it is useful to discuss the relevance of the individual weights to physical problems.
In all cases, q ′ 0 is trivially 1 while q ′ 1 trivially vanishes, due to the so-called envelope theorems of Mueller 70 (note, this does not apply to q 1 ). Thus, the first weight that captures pertinent information about a disordered system is l = 2; for hcp and fcc crystals q ′ 2 vanishes. The invariants q ′ 3 and q ′ 5 (and odd weights in general) vanish in configurations symmetric under inversion, but capture deviations from this symmetry (see tab. I). Hence they might be robust candidates for defect detection like centro-symmetry metrics 27 or to separate hcp from fcc, since the hcp Voronoi cell is not inversion symmetric (see tab. I), while fcc is inversion symmetric (m3m) with respect to the sphere centers. Including Steinhardt et al.'s original paper 1 we are not aware of any applications of odd weights l. The lowest weight to discriminate a sphere from a cube is l = 4 and thus plays an important role in ordered materials. The cubic-symmetry fcc, bcc, and simple cubic lattices all have non-vanishing q ′ 4 values (for the conventional BOO parameters though, great care is needed for the bond definition, as different sets of NN for bcc reveals a dramatic change on conventional q 4 ). q 6 is the first non-vanishing weight for icosahedral symmetry (and maximum for the icosahedron). Note that the q 6 values for fcc can be matched by deformed icosahedral bonds.
While in ordered states, the q l are easily interpreted, in disordered states the lack of a well-defined reference state renders the interpretation more difficult. Fig. 5 shows q 
CONCLUSION
This article has clearly demonstrated that the conventional bond-orientational order parameters q l , defined via nearest neighbor bonds, Eq. (1), are very strongly affected by the choice of neighborhood definition (cf . Fig. 2) ; this sensitivity is observed both in the qualitative trend and in absolute values. It was shown that for disordered systems without crystallization, q 6 strongly correlates to the average number of nearest neighbors. This effect overshadows the actual structural changes induced by the physics of the system (cf. Fig.3 ). This dependence is a major drawback that needs to be taken into account when using q l for the analysis of particulate matter, especially when comparing q l values across different studies.
We have proposed a unique, well-defined and robust structure metric q ′ l , Eq. (2), that avoids the ambiguities that come with bond network neighborhoods. Robustness of the structure metric is achieved by quantifying the geometry of the Voronoi tessellation. The MSM share the same mathematical form with the conventional bond-orientational order parameters, but the "bonds" are weighted with the associated Voronoi facet area. This guarantees, in particular, that the new Minkowski structure metrics are continuous as a function of the sphere coordinates. For hcp, fcc and simple cubic lattices, this definition reproduces the values of the conventional q l (cf. Tab. I). For super-cooled hard-sphere fluids, the MSM q ′ 6 is very similar to the conventional q 6 with the (rarely used) n f = 12 neighborhood definition, see Fig. 2 .
The morphometric neighborhood has previously been characterized using Minkowski tensors 38, 53, 61 , which measure the distribution of normal vectors of the Voronoi cells. The Minkowski structure metrics presented here can be interpreted as the rotational invariants of a multipole expansion of the same distribution of normal vectors; indeed, the approaches of higher-rank Minkowski tensors and Minkowski structure metrics turn out to be mathematically equivalent ways to cure the shortcomings of bond-orientational order parameters. There are further possibilities to address this problem by introducing weighting factors, see for example Ref. 56 . Note however that these approaches need adjustable parameters. The caution for the use of q 6 as a sole determinant of local crystallinity expressed in Ref. 38 , however, is independent of the issues addressed by this paper, and remains valid also for the Minkowski structure metric q ′ 6 . Thus, Minkowski tensors and structure metrics both provide a "geometrization" of the bond-orientational order for spherical particles. This suggests a strategy to generalize bond-orientational order parameters towards aspherical particles, such as ellipsoids, using generalized Voronoi tessellations and the q ′ l . Even applications to non-cellular shapes with arbitrary topology are possible, albeit with altered interpretation 64, 76 . Finally, our analysis supports the more frequent use of the low-weight q l , in particular q of Refs. 38, 53, 61 (cf. Fig. 5 ). Both q ′ 2 and β 0,2 1 can be used to robustly classify collective states in particulate matter according to their structural features. Furthermore, q ′ 2 is very strongly discerns between disordered configurations and such of high symmetry, such as hcp, fcc, bcc, simple cubic, and icosahedral order.
Clearly, 30 years after the seminal publication by Steinhardt et al., the need for quantitative local structure analysis is more evident than ever. The present paper reaffirms the validity and usefulness of the multipole expansion method. We have, however, described an amended version of the bond-orientational order parameters that not only renders this method robust and uniquely defined, but also gives a firmer interpretation of their geometric meaning. 
